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The quantumMonte Carlo (QMC) method is applied to obtain the fundamental (quasiparticle) electronic
band gapΔf of a semiconducting two-dimensional phosphorene whose optical and electronic properties fill
the void between graphene and 2D transition-metal dichalcogenides. Similarly to other 2D materials, the
electronic structure of phosphorene is strongly influenced by reduced screening, making it challenging to
obtain reliable predictions by single-particle density-functional methods. Advanced GW techniques, which
include many-body effects as perturbative corrections, are hardly consistent with each other, predicting
the band gap of phosphorene with a spread of almost 1 eV, from 1.6 to 2.4 eV. Our QMC results, from
infinite periodic superlattices as well as from finite clusters, predict Δf to be about 2.4 eV, indicating that
available GW results are systematically underestimating the gap. Using the recently uncovered universal
scaling between the exciton binding energy and Δf, we predict the optical gap of about 1.7 eV that can be
directly related to measurements even on encapsulated samples due to its robustness against dielectric
environment. The QMC gaps are indeed consistent with recent experiments based on optical absorption and
photoluminescence excitation spectroscopy. We also predict the cohesion of phosphorene to be only
slightly smaller than that of the bulk crystal. Our investigations not only benchmark GW methods and
experiments, but also open the field of 2D electronic structure to computationally intensive but highly
predictive QMC methods which include many-body effects such as electronic correlations and van der
Waals interactions explicitly.
DOI: 10.1103/PhysRevX.9.011018 Subject Areas: Computational Physics,
Condensed Matter Physics
I. INTRODUCTION
Two-dimensional materials have already revolutionized
science, and have the potential to revolutionize technology
due to their unique electronic, optical, thermal, spin, and
magnetic properties [1–7]. Remarkably, 2D materials
cover a wide range of electronic structures. The electronic
properties range from metallic single atom layers of
palladium and rhodium [8], semimetallic graphene [3],
semiconducting transition-metal dichalcogenides [5], to
insulating wide-gap hexagonal boron nitride (h-BN) [6].
Crucial for device applications are materials with a proper
band gap. Layered black phosphorus (BP) features funda-
mental band gaps in the range of 0.3–2 eV, bridging
semimetallic graphene and transition-metal dichalcogenides
]9 ]. This range is specifically important for optoelectronic,
photovoltaic, photocatalytic, fiber optic telecommunications,
and thermal imaging applications [10].
A single layer of black phosphorus—phosphorene—
comprises sp3 bonded phosphorus atoms forming an
anisotropic puckered honeycomb lattice, see Fig. 1, which
gives rise to special transport and spin relaxation pro-
perties in phosphorene [11,12]. The threefold bonding
coordination implies that each phosphorus atom has a lone
pair orbital which makes phosphorene reactive to air [9].
This oxidation degradation is eliminated by capping or
encapsulating phosphorene with(in) an insulator.
Black phosphorus features a direct band gap at the Γ
point, all the way from single-layer phosphorene up to bulk.
However, and this makes phosphorene particularly attrac-
tive, there are several ways to manipulate the gap. (i) First,
the gap varies with the number of layers and therefore band
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engineering techniques can be readily applied. Exfoliation
of layers from the bulk BP is straightforward [1,2,13,14],
see Fig. 1, due to predominantly van der Waals interlayer
bonds [15]. While in the bulk the gap is about 0.3 eV, it
increases towards about 2 eV (we argue for 2.4 eV) in
single-layer phosphorene [10]. (ii) Next, phosphorene can
sustain large in-plane compressive or tensile strains in
excess of about 10%, compared to just some 2% in the
bulk [16]. This strain engineering is predicted to affect the
band gap by ≈ 50% [17,18]. Finally, (iii) the gap of
phosphorene is predicted to be strongly susceptible to the
dielectric environment [2,10,13].
Assuming that the fundamental (quasiparticle) band
gap Δf depends on the dielectric that protects it against
degradation, can we infer from experiments some key
characteristics about pristine phosphorene providing thus
the benchmark for both experiment and theory? Two
established facts make the answer positive. (a) The dielec-
tric environment affects both the fundamental gap as
well as the exciton binding energy Δb [19]. Remarkably,
the difference, Δo¼Δf−Δb, which is the optical gap, is
essentially unaffected by the dielectric [20–25]. (b) Recently,
a universal linear scaling between the exciton binding
energy and the fundamental gap, Δb ≈ 0.27Δf, was pre-
dicted based on many examples from the 2D realm [26]
(see also the predecessor [27]), including phosphorene.
Combining these two observations, (a) and (b), allows us
to estimate Δo from a calculation of Δf on a pristine 2D
material, namelyΔo ≈ 0.73Δf, and comparewith experimen-
tal Δo obtained from an encapsulated or capped sample.
Let us now turn to the existing experimental and
theoretical state of the art in determining the electronic
gap(s) of single-layer phosphorene. Table I shows a
rather comprehensive selection of measured and calculated TA
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FIG. 1. Atomic structure of (a) single-layer and (b) few-layer
phosphorene. Characteristic armchair and zigzag directions are
indicated in (a). Side and top views of a 4 × 4 cluster approx-
imant, with saturated edge bonds, are presented in (c) and (d),
respectively.
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fundamental and optical gaps, as well as exciton binding
energies for phosphorene. Photoluminescence is often
contaminated by defect emission, as is also evidenced
by the scatter of the measured values for Δo. Most reliable
is optical absorption. A recent experiment [13] has reported
Δo ≈ 1.73 eV, for phosphorene encapsulated in h-BN. This
value would lead to Δf ≈ 2.4 eV for pristine phosphorene,
according to the abovementioned linear scaling. Similarly,
it would suggest the exciton binding energy Δb of about
0.65 eV. Certainly both (a) and (b) observations are not
exact, so the above estimates of Δf and Δb would carry a
scatter of perhaps 10% or so. If we next look at the
photoluminescence excitation spectroscopy data for phos-
phorene on silicon oxide [20], the obtained fundamental
gap is Δf ≈ 2.2 0.1 eV. Considering the influence of
the oxide, it is reasonable to deduce from this experiment
that the fundamental gap of freestanding phosphorene is
0.1–0.2 eV greater, that is, 2.3–2.4 eV [20].
On the theory side, we see fromTable I that single-particle
density-functional methods predict, unsurprisingly, too low
and strongly method-dependent values for Δf. Inclusion of
GW corrections [29] is essential to bring the gaps closer to
2 eV. However, various GW approximants (G0W0 or GW0)
give different values coming from different implementa-
tions, ranging from 1.6 to 2.4 eV. The largest value, 2.4 eV,
which would be consistent with the aforementioned optical
absorption experiments, is obtained by using a hybrid
functional [35]. However, the same implementation predicts
0.6 eV band gap for bulk BP [35] (experimental value is
0.3 eV), making it clear that there is a limited predicting
power from this calculation. As for the exciton binding
energies, predictions (see Table I) range from 0.5 to 1 eV,
again with little consensus in both theory and experiment.
The experimental value of 0.9 eV [20] is likely affected by
the optical edge of 1.3 eVof the emission peak (compare to
1.73 eV of the absorption experiment [13]).
To obtain accurate bounds and reliable estimates of the
band gap of phosphorene, we propose to employ the
quantum Monte Carlo (QMC) method. The QMC method
is an efficient, albeit computationally demanding [40,41],
way to benchmark electronic structure calculations in con-
densedmatter [42–44]. Indeed, this method has been applied
to compute gaps in three-dimensional systems [42], clusters
[45], and nanoparticles [46]. In the 2D realm it was already
used to obtain reference binding energies of 2D bilayers
[15,47], which compares favorably with highly accurate
quantum chemistry calculations [48], but thus far has not
been systematically employed to obtain electronic structure
parameters. Given the large parameter space for tuning the
electronic structure of 2D systems, such as layer and strain
engineering or dielectric embedding and the large scatter of
results produced by experimental methods and customary
computational techniques, the robust QMC method lends
itself naturally for benchmarking purposes and validation of
the different methods in the realm of 2D materials.
Here we report the first step in that effort: the QMC
calculation of the fundamental band gap of unstrained
freestanding single-layer phosphorene. We use both the
periodic lattice as well as cluster approaches to demonstrate
convergence and consistency. The accuracy of the ground-
state properties is evidenced by calculating cohesion, which
differs little from the bulk value. We stress that our QMC
calculation is the full method, not relying on phenomeno-
logical interactions. In fact, we solve the Schrödinger
equation for hundreds of electrons interacting mutually
as well as with the lattice ions, to obtain the ground
and excited states needed for the band gap calculation.
Finally, we note that the knowledge of the band gap of
phosphorene is important not only on its own right as a
fundamental electronic quantity of a potentially techno-
logically relevant material, but it is crucial also for building
effective theories such as tight-binding [38] and k · p
models [49]. We believe that our adaptation of QMC
methods will open the way for this powerful technique
to investigations of electronic structures of 2D systems,
which are inherently prone to strong interactions and
require careful considerations.
II. SIMULATION TECHNIQUES
The fundamental gap Δf was determined from both
extended and cluster approximants with lattice parameters
fixed to the experimental values in the black phosphorus
crystal. In fact, it was shown that the experimental lattice
parameters agree with the lattice parameters determined by
QMC methods within the error bars [15]. The gap Δf was
extracted as the singlet-singlet vertical excitation energy.
Here Δf ≈ Essv ≡ Es1 − Es0, with E0 and E1 being, res-
pectively, the ground and the first excited states obtained
by the fixed-node QMC method [40] not allowing any
relaxation of the density-functional theory (DFT) nodal
hypersurfaces due to the HOMO→ LUMO electron exci-
tation; no vibronic effects are included. The fixed-node
approximation is the only fundamental approximation in
the electronic structure QMC method [40].
In the periodic setup, E0 and E1 were computed from
DMC (diffusion Monte Carlo) energies in the fixed-node
approximation using the variational Monte Carlo trial
wave functions with the nodal hypersurfaces determined
by two different sets of DFT orbitals: the generalized
gradient approximation Perdew-Burke-Ernzerhof (PBE)
[30] (DMC@PBE) and hybrid Becke three-parameter
Lee-Yang-Parr (B3LYP) [31] (DMC@B3LYP), at the Γ
point of the Brillouin zone, optimizing the short-range
correlations of the Jastrow factor [40]. The consistency
check using both PBE and B3LYP DFT nodal hyper-
surfaces was deemed important, as at the DFT level the
HOMO-LUMO gaps of the two DFT functionals differ by
≈1 eV; see Table I. The Yeh-Berkowitz [50] modification
in the 3D Ewald summation technique for systems with a
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slab geometry that are periodic in two dimensions and
have a finite length in the third dimension was adopted. We
cross-checked in detail that this agrees with an alternative
derivation of Ewald sums for 2D slab geometries [51]. In
the cluster setup we used the B3LYP [31] (DMC@B3LYP)
nodal hypersurfaces.
Finite-size scaling towards the thermodynamic limit was
performed for a series of 1 × 1 to 6 × 6 series of L × L
periodic approximants, see Fig. 1(a), and for 4 × 4, 5 × 5,
and 6 × 6 H-terminated cluster approximants, assuming a
linear scaling with 1=N, see Supplemental Material (SM)
[52] for more details, where N ¼ 4 × L × L is the number
of P atoms. Our approach corresponds to quasiexact many-
body treatment, to within the fixed-node approximation, of
the 2D electron polarizability entering the equation for
Δf ∝ 1=α2D. [26] The ground-state energy E0 was also
used to determine the cohesion energy. More details can be
found in the SM [52].
III. RESULTS AND DISCUSSION
A. Periodic supercells
Our finite-size DMC scaling study of Δf is shown in
Fig. 2(a). Although in 3D periodic calculations typical
QMC extrapolations from supercells to bulk behave as
1=N, where N is the number of atoms in the supercell, in
the 2D slab systems the issue is more complicated [51].
The strong periodic Coulomb interactions unscreened in
the direction perpendicular to the layer make the renorm-
alization of electron interactions huge and the electrostatic
energies slowly convergent. Therefore, the supercells
have to be sufficiently large to marginalize the periodicity
effects and to allow for reliable finite-size extrapolations.
To this end, we have carried out extensive calculations of
Δf for the sequence of 1 × 1 up to 6 × 6 periodic supercell
systems with two DFT nodal hypersurfaces. For sizes
3 × 3 or larger, the linear scaling describes the results very
well. For smaller supercells, the different components of
the total energies, such as the potential energy, are too
biased to make the trends transparent.
The infinite-size extrapolation from the extended-system
calculations yields
Δext;1f ¼ 2.68 0.14 eV; ð1Þ
fixing the nodal hypersurfaces by the hybrid B3LYP [31]
DFT functional. Recall that the corresponding DFT value is
1.9 eV; see Table I. If we now fix the nodal hypersurfaces
by PBE [30] DFT single-particle orbitals, see Fig. 2(a), we
get the extrapolation to
Δext;2f ¼ 2.54 0.15 eV; ð2Þ
which overlaps with Δext;1f within the error bars. The PBE
DFT gap is 0.8 eV. Remarkably, despite the significant
difference of more than 1 eV in the DFT gaps, the QMC
method that starts with the corresponding DFT wave
functions (and fixing their nodal hypersurfaces) gives a
consistent output for both. Surprisingly, the convergence of
Δf in the periodic setting is determined mainly by the
Hartree-Fock energy components, with the rest, including
the correlation energies, converging much faster. For
example, the ground-state correlation energy is essentially
converged at the 3 × 3 supercell size, whereas the excited
state is only converged at a slightly larger size of 5 × 5.
This provides a way of estimating the phosphorene proper-
ties from the more slowly converging Hartree-Fock results,
simply by adding the corresponding correlation energies;
see SM for more details [52]. We also plot the HOMO-
LUMO orbitals for the extended calculations at the Γ point
in Figs. 2(b) and 2(c), respectively. The orbital’s distribu-
tion and bonding type can give insight into Coulomb finite
size effects; see SM for a discussion [52].
B. Clusters
Because of intricacies of extrapolations of the periodic
supercells, and for consistency, we have also calculated Δf
in a finite cluster setting. The clusters corresponded to
supercell sizes in the periodic method above, with
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FIG. 2. (a) Finite-size scaling of the computed fundamental gap
Δf , with the number of atoms N in the periodic supercell (green
line, DMC@B3LYP; purple line, DMC@PBE) and in the cluster
approach (yellow line, DMC@B3LYP) along the series of L × L
supercell approximants, L ¼ 1–6 for the periodic setup and L ¼
4–6 in the cluster approach. The inset shows an enlargement of
the scaling for large N with the dashed lines showing the linear
extrapolation to the infinite-size limit. (b) B3LYP DFT HOMO
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states, HOMO being a superposition of bonding orbitals [mostly
σðpzÞ] along the vertical P–P bonds while LUMO is its
antibonding counterpart.
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terminations of unsaturated bonds with H atoms; see
Figs. 1(c) and 1(d). Finite-size scaling constructed from
these cluster approximants, given in Fig. 2(a), extrapolates to
Δclstf ¼ 2.36 0.14 eV; ð3Þ
reasonably close toΔextf considering the fact that we compare
periodic systems versus isolated clusters in vacuum and that
these two models actually exhibit opposite trends as the
functions of the system size. Because of finite-size confine-
ment, the computed excitations in finite clusters as a rule
overestimate the gaps. The DMC values for the 5 × 5 and
6 × 6 clusters clearly illustrate this; see Fig. 2(a).However, as
explained inSM, the cluster gaps are bound to converge to the
fundamental gap in the infinite-size limit and also provide
upper bounds for the estimation of fundamental gaps as
indicated above [52]. The upper bound property of cluster
gaps enables us to probe the usefulness of alternative
extrapolations to bulk schemes, such as, for instance,
1=
ﬃﬃﬃﬃ
N
p
scaling [71]; see SM [52]. Since both our estimates
ofΔf from the periodic supercells are greater than the cluster
estimate, there is likely a small bias in the evaluation of
excitations in the periodic supercells. In particular, the fixed-
node errors in the excited and the ground states are most
likely not identical and could also be intertwined with the
remnants of the finite-size errors even at larger sizes.
The convergence of the excited states is much more
challenging in extended 2D systems than in bulk. The key
reason is that the nonperiodic direction enables changes in
the single-particle densities that have dominant contribu-
tion to the periodic Coulomb interactions, a problem that is
naturally avoided in cluster geometries; for details see SM
[52]. Therefore, we estimate that a systematic uncertainty
of 0.1–0.2 eV could be present in our periodic-supercells
gap calculations. The multiple calculations of the excited
states that we present clearly illustrate this aspect.
The error is certainly greater for the excited-state
energy than for the ground state. Since the variational
principle behind the QMC model gives the upper bound on
the energy, it follows that the cluster value is a superior
estimate for the fundamental gap. We believe that the true
value of Δf for intrinsic phosphorene is about 2.4 eV, as
also indicated in Table I. The GW values, defining the
current state of the art, are, compared to QMC values,
widely scattered and systematically underestimating
the gap.
C. Exciton binding energy, optical gap,
and comparison with experiment
Using the universal linear scaling [26], Δb ≈ 0.27Δf,
we can also estimate the excitonic binding energy of
phosphorene as Δb ≈ 0.65 eV. The optical gap is then
Δo ¼ Δf − Δb ≈ 1.75 eV. This is consistent with the
optical absorption experiment [13], which reports
1.73 eV. As we discussed in Sec. I, the optical gap of
2D semiconductors should be insensitive to the dielectric
environment, justifying the consistency claim.
In terms of the fundamental gap obtained in experiment
(see Table I), photoluminescence emission spectroscopy
(silicon substrate, no capping) [20], optical absorption
(sapphire substrate, h-BN capping) [13], and scanning
tunneling spectroscopy (no capping) [28] yield values of
Δf of 2.2, 1.8, and 2.0 eV, respectively. The optical
absorption value was attributed to the h-BN capping, which
also seems to reduce the exciton binding energy to just
0.1 eV [13]. The photoluminescence value of 2.2 eV [20]
is closest to our QMC prediction. Considering that the
sample was on a dielectric substrate which lowers Δf by
perhaps 0.1–0.2 eV [20], our result is also consistent with
this experiment.
D. Cohesion energy
One important quantity which, to the best of our knowl-
edge, has not been determined experimentally yet, is the
freestanding phosphorene cohesion energy. The cohesion
energy of bulk black phosphorus is 3.43 eV=atom [72].
Compared to ordinary semiconducting 3D materials the
phosphorus crystal is quite different being a van der Waals
system of covalently bonded slabs. Even though the system
shows moderately large cohesion, the stability of black
phosphorus is rather low, mainly due to an easy detachment
of P4 molecular units that per atom are bonded almost as
strongly as the bulk material. Having calculated the phos-
phorene DMC ground-state energies for a variety of sizes,
we can estimate the cohesion energy in the thermodynamic
limit. Since the P4 molecule is the dominant sublimation
product from phosphorus solids, to estimate the cohesion
we follow the thermodynamic path P4 molecule → bulk
black phosphorus → phosphorene using also the QMC
calculation of the van der Waals binding energy estima-
ted recently [15]. The finite-size scaling, Fig. 3, yields a
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FIG. 3. Finite-size scaling of fixed-node corrected cohesion
energy Eccoh, in DMC@PBE (purple curve) and DMC@B3LYP
(green curve) treatment. The error bars are smaller than the size of
the points. The inset shows the enlargement of the linear scaling
for large N with extrapolation to infinite system size.
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fixed-node corrected cohesion energy of 3.27 0.1 in
DMC@PBE and 3.280.06eV=atom in the DMC@B3LYP
periodic calculations, while from the clusters the estimated
value is 3.26 0.05 eV=atom; see the SM for more details
[52]. Note that our estimatedDMCvalues of cohesion energy
of phosphorene from the twomodels are almost identical and
very close to the estimation of 3.35 eV=atom for the 2D
system obtained by using the van der Waals interlayer
bonding from another DMC calculation [15] or coupled
cluster result [48]. The corresponding DFT values are
3.09 eV=atom [73] and 3.45 eV=atom [74].
IV. CONCLUSION AND PERSPECTIVES
We performed systematic fixed-node QMC calculations
of the quasiparticle band gap of freestanding single-layer
phosphorene in both periodic and cluster settings. Using
the universal linear scaling between the gap and the optical
binding energy, we also extracted the optical gap, which
can be compared with experiments done on phosphorene
on dielectric substrates or on encapsulated samples. Our
results are consistent with available optical absorption and
photoluminescence emission spectroscopy experiments.
We argue that previous calculations based on GW under-
estimate the quasiparticle gap and do not give consistent
predictions for phosphorene. Our ground state is very
accurate and limited only by the (corrected) fixed-node
errors, evidenced from the calculated cohesion and its
agreement with available (indirect) experimental data.
Our calculated quantities, band gap and cohesion, are
key inputs into more qualitative and approximate theories,
such as tight binding and k · p, as well as into experimental
interpretations. In particular, there is a clear path of how our
results can be modified to accommodate dielectric envi-
ronments which enter the experiments, leaving the core of
our QMC results unchanged. This can be done by Bethe-
Salpeter modeling or by use of model dielectric screening
[23] to find the appropriate value of the exciton binding
energy. Hence, our explicitly many-body QMC results
provide a reference ground for further studies on phos-
phorene based on strain and layer engineering as well as
chemical doping and structural defects and indeed in any
other 2D material. We also demonstrated that these cutting-
edge calculations are now feasible for a range of 2D
systems and we expect the QMC methods to find a place
at the top of the list of the toolkit for studying 2D systems.
This is underscored by the fact that the scatter of predicted
values for electronic parameters is significant not only in
phosphorene, but in other 2D materials as well [23,25,75].
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